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Abstrat
We present two approahes, one homologial and the other simpliial,
for the investigation of dimension quotients of groups. The theory is
illustrated, in partiular, with a oneptual disussion of the fourth and
fth dimension quotients.
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1. Introdution
Let G be a group, Z[G] its integral group ring and g the augmentation ideal.
The dimension subgroups Dn(G), n ≥ 1, of G are the subgroups determined
by the augmentation powers gn , i.e., Dn(G) = G ∩ (1 + gn) . The dimension
subgroups were rst dened by W. Magnus [Mag37℄ for free groups, via power
series ring in non-ommuting variables, and ever sine they have been a subjet of
intensive study (see [Pas79℄, [Gup87℄). It is easy to see that, for all n ≥ 1 , Dn(G)
ontains γn(G) , the n-th term in the lower entral series of G and equality holds
for n = 1, 2, 3 . Refuting what ame to be known as the dimension onjeture,
E. Rips [Rip72℄ onstruted a nilpotent 2-group of lass three having non-trivial
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2fourth dimension subgroup. In a signiant ontribution J. A. Sjögren [Sjo79℄
proved that there exist onstants cn, n ≥ 1 , suh that, for every group G, the
exponent of the quotient Dn(G)/γn(G) , alled the n-th dimension quotient of G,
divides cn . While onsiderable work has been done on the dimension subgroups,
notably by N. Gupta ([Gup90℄, [Gup91℄, [Gup02℄), the struture of the dimension
quotients, in general, remains intratable.
The purpose of this paper is to present two approahes to study the dimension
quotients, one homologial and the other using simpliial objets. The homologial
approah originates with [Pas68a℄, where it is shown that for odd prime power
groups the fourth dimension quotient is trivial. The simpliial approah rests on
the denition of derived funtors of arbitrary endo-funtors on the ategory of
groups and ertain spetral sequenes studied by E. B. Curtis ([Cur63℄, [Cur71℄)
in the ontext of simpliial homotopy theory. We illustrate our methods with a
oneptual disussion of the fourth and fth dimension quotients. We hope that
the methods outlined here will open fresh avenues to investigate the dimension
quotients. The main point to be observed in our approah is that it brings out
new relationship between dimension subgroups, derived funtors of non-additive
funtors and simpliial homotopy theory, thus providing new tools and onnetions.
We begin by realling in setion 2 the onstrutions of ertain quadrati funtors
that are needed in this work. We then take up in setion 3 the study of relative
dimension subgroups and polynomial (o)homology. For any normal subgroup N
of a group E , the n-th dimension subgroup Dn(E, N) of E relative to N is
dened by
Dn(E, N) := E ∩
(
1 + ne+ en
)
.
Let R be a normal subgroup of a free group F . We prove (Theorem 3.3) that
there exists a natural isomorphism
(F/Rγ2(F ))
∧
∗ (F/Rγ2(F )) ∼= D3(F, R)/γ2(R)γ3(F ) ,
where, for an Abelian group A, A
∧
∗ A denotes the exterior torsion square of A
[see (3.4) for denition℄. An appliation of our Theorem 3.3 to group ohomology
H2Nc(G, M) with respet to the variety Nc of c-step nilpotent groups, for c = 2 ,
leads to a solution (Theorem 3.4) of a problem of LeedhamGreen [Lee71℄ in this
ase. Let e : N
i
→֒ E
q
։ G be a entral extension of groups. We give a homologial
haraterisation of Dn(E,N) ∩N (see Theorem 3.8). In setion 4, restriting our
analysis to the ase n = 4 (see Theorem 4.2), we go on to provide a desription of
D4(E,N) ∩ N , also in terms of the exterior torsion square; from this desription
we dedue an alternate proof of the well-known result that the fourth dimension
quotient is always of exponent ≤ 2 .
Given a group G and an endo-funtor F on the ategory of groups, one an
dene the derived funtors LiF (G) of F to be the homotopy groups πi(F (F)),
3where F → G is a free simpliial resolution of G. When applied to the funtors
γi/γi+1, γ1/γi, g
i/gi+1 and g/gi, there arise two spetral sequenes E(G) and
E(G) and a natural map κ : E(G) → E(G) . The study of dimension quotients
is naturally linked to these spetral sequenes; this is explained in setion 5. For
Abelian ategories, a theory of non-additive derived funtors has been given by
Dold-Puppe [Dol61℄. Given an Abelian group A and an endo-funtor F on the
ategory of Abelian groups, let DiF (A) denote the derived funtor LiF (A, 0) in
the sense of Dold-Puppe [Dol61℄. For every n ≥ 3 , we onstrut a anonial
homomorphism vn (see diagram (5.11)) from a subgroup Vn−1(G) of the torsion
group D1Sn−1(Gab) to a sub-quotient of the n-th dimension quotient, where Si(A)
denotes the okernel of the natural map from the i-th omponent Li(A) of the
free Lie ring L(A) on the Abelian group A over Z to the i-th tensor power of A.
For this purpose, we need a desription of the derived funtors of ertain quadrati
funtors (realled in setion 2) studied by A. K. Bouseld [Bou67℄ and H.-J. Baues
and T. Pirashvili [Bau00℄. After proving an identiation theorem in setion 6, we
analyse in setions 7 and 8 the maps v4 and v5 and provide suient onditions
for the triviality of the fourth and fth dimension quotients (see Corollary 7.2 and
Theorem 8.1).
For basi notions and properties of simpliial objets, we refer the reader to
[May67℄.
2. Polynomial funtors
Reall that a map f : G → A from a multipliative group G to an Abelian
group A is said to be a polynomial map of degree ≤ n if its linear extension to the
integral group ring Z[G] of G vanishes on gn+1 , where g denotes the augmentation
ideal of Z[G] [Pas68b℄.
Let Ab denote the ategory of Abelian groups. Let F : Ab → Ab be a funtor
with F (0) = 0 , where 0 is the zero homomorphism. If M, N are Abelian groups,
then, by denition, F denes a map
FMN : Hom(M, N)→ Hom(F (M), F (N)).
Let us write U := Hom(M, N) multipliatively, and V := Hom(F (M), F (N))
additively. Then FMN : U → V is a map satisfying FMN (e) = 0 , where e is the
identity element of U . The funtor F is said to be a polynomial funtor of degree
≤ n if FMN is a polynomial map of degree ≤ n for all Abelian groups M, N .
This is a reformulation [Pas69℄ of the onept of funtors of nite degree in the
sense of Eilenberg-MaLane [Eil54℄.
4Quadrati funtors. A funtor F : Ab→ Ab is quadrati, i.e., has degree ≤ 2 ,
if F (0) = 0 and if the ross eet
F (A|B) = Ker(F (A⊕ B)→ F (A)⊕ F (B))
is biadditive. This yields the binatural isomorphism
F (A⊕B) = F (A)⊕ F (B)⊕ F (A|B)
given by (Fi1 ; Fi2 ; i12) where i1 : A ⊂ A⊕B; i2 : A ⊂ A⊕B and i12 : F (A|B) ⊂
F (A ⊕ B) are the inlusions. Moreover, for any A ∈ Ab , one gets the diagram
[Bau00℄
(2.1) F{A} := (F (A)
H
→ F (A|A)
P
→ F (A)).
Here P = F (p1+ p2)i12 : F (A|A) ⊂ F (A⊕A)→ F (A) is given by the odiagonal
p1 + p2 : A ⊕ A → A, where p1 and p2 are the projetions. Moreover, H is
determined by the equation i12H = F (i1+ i2)−F (i1)−F (i2) , where i1+ i2 : A→
A⊕ A is the diagonal map.
We reall from [Eil54℄ the denitions of ertain quadrati funtors.
Tor(A, C). For Abelian groups A and C , the Abelian group Tor(A, C) ([Eil54℄,
11, p. 85) has generators
(a, m, c), a ∈ A, c ∈ C, 0 < m ∈ Z, ma = mc = 0
and relations
(a1 + a2, m, c) = (a1, m, c) + (a2, m, c), if ma1 = ma2 = mc = 0
(a, m, c1 + c2) = (a, m, c1) + (a, m, c2), if ma = mc1 = mc2 = 0
(a, mn, c) = (na, m, c), if mna = mc = 0
(a, mn, c) = (a, m, nc), if ma = mnc = 0.
In partiular, we have the funtor A 7→ Tor(A, A) on the ategory Ab. We
denote the lass of the triple (a, m, c) by τm(a, c) .
Ω(A). Let A be an Abelian group. Then the group Ω(A) , dened by Eilenberg-
MaLane ([Eil54℄, p. 93), is the Abelian group generated by symbols wn(x), 0 <
n ∈ Z, x ∈ A, nx = 0 with dening relations
wnk(x) = kwn(x), nx = 0,
kwnk(x) = wn(kx), nkx = 0,
wn(kx+ y)− wn(kx)− wn(y) = wnk(x+ y)− wnk(x)− wnk(y), nkx = ny = 0,
wn(x+ y + z)− wn(x+ y)− wn(x+ z)− wn(y + z) + wn(x) + wn(y) + wn(z) = 0,
nx = ny = nz = 0.
We ontinue to denote the lass of the element wn(x) in Ω(A) by wn(x) itself.
5Eilenberg-MaLane ([Eil54℄, p. 94) onstruted a map
E : Tor(A, A)→ Ω(A)
by setting
τn(a, c) 7→ wn(a + c)− wn(a)− wn(c).
A natural map
(2.2) T : Ω(A)→ Tor(A, A)
an be dened by setting
wn(x) 7→ τn(x, x), x ∈ A, nx = 0.
Clearly the omposite map
E ◦ T : Ω(A)→ Ω(A)
is multipliation by 2; for, as a onsequene of the dening relations the elements
wn(x) satisfy
wn(mx) = m
2wn(x)
for all m ∈ Z, 0 < n ∈ Z, x ∈ A.
Whitehead funtor Γ(A). For A ∈ Ab , dene the ommutative graded ring
Γ(A) generated by the elements γt(x) for eah x ∈ A and eah non-negative
integer t, of degree 2t, subjet to the relations
γ0(x) = 1,(2.3)
γt(rx) = r
tγt(x),(2.4)
γt(x+ y) =
∑
i+j=t
γi(x)γj(y),(2.5)
γs(x)γt(x) =
(
s+ t
s
)
γs+t(x).(2.6)
The homogeneous omponent Γ4(A) of Γ(A) of degree 4 an be identied with
the Whitehead funtor ([Whi50℄, [Eil54℄, pp. 92 & 110) Γ : Ab→ Ab, A 7→ Γ(A) ,
where the group Γ(A) is dened for A ∈ Ab to be the group given by generators
γ(a) , one for eah x ∈ A, subjet to the dening relations
(2.7) γ(−x) = γ(x),
(2.8) γ(x+ y + z)− γ(x+ y)− γ(x+ z)− γ(y + z) + γ(x) + γ(y) + γ(z) = 0
for all x, y, z ∈ A.
R(A). For A ∈ Ab , let 2A denote the subgroup onsisting of elements x satisfying
2x = 0 . Dene R(A) ([Eil54℄. p. 120) to be the quotient group of Tor(A, A) ⊕
Γ (2A) by the relations
τm(x, x) = 0, mx = 0,(2.9)
γ2(s+ t)− γ2(s)− γ2(t) = τ2(s, t), s, t ∈2 A.(2.10)
6The funtors A 7→ Γ(A), Tor(A, A), Ω(A), R(A) are all quadrati funtors on
the ategory of Abelian groups, i.e., all these funtors have degree ≤ 2 . Further-
more, R(A) = H5K(A; 2); Ω(A) = H7K(A; 3)/(Z/3Z⊗A) , R(A|B) = Ω(A|B) =
Tor(A, B) and R(Z) = Ω(Z) = 0 and R(Z/n) = Z/(2, n); Ω(Z/n) = Z/n.
The square funtor. Let Abg denote the ategory of graded Abelian groups.
For A, B ∈ Ab , let A ⊗ B and A ∗ B := Tor(A, B) be respetively the tensor
produt and the torsion produt of A, B . The notion of tensor produt of Abelian
groups extends naturally to that of tensor produt A⊗B of graded Abelian groups
A, B by setting
(A⊗ B)n =
⊕
i+j=n
Ai ⊗ Bj .
We also need the ordered tensor produt A
>
⊗ B of graded Abelian groups, whih
is dened by setting
(A
>
⊗ B)n =
⊕
i+j=n, i>j
Ai ⊗ Bj
for A, B ∈ Abg . In an analogous manner, we an dene, for A, B ∈ Abg , torsion
produt A ∗B and ordered torsion produt A
>
∗ B as
A ∗B =
⊕
i+j=n
Ai ∗Bj , (A
>
∗ B)n =
⊕
i+j=n, i>j
Ai ∗Bj .
The tensor produt, torsion produt and the ordered tensor and torsion produt
are, in an obvious way, bifuntors on the ategory Abg .
Let ∧2 be the exterior square funtor on the ategory Ab. The weak square
funtor
sq⊗ : Abg → Abg
is dened by
sq⊗(A)n =


Γ(Am), if n = 2m, m odd,
∧2(Am), if n = 2m, m even,
0, otherwise.
Let (Z2)odd be the graded Abelian group whih is Z2 in odd degree ≥ 1 and
trivial otherwise; thus (Z2)odd is the redued homology of the lassifying spae
RP∞ = K(Z2, 1) . The square funtor Sq
⊗ : Abg → Abg is dened as follows:
Sq⊗(A) = A
>
⊗ (A⊕ (Z2)odd)⊕ sq
⊗(A).
Clearly the square funtor is a quadrati funtor, its seond ross-eet funtor
([Eil54℄, p. 77) is
Sq⊗(A|B) = A⊗ B,
and one has the operators
(2.11) Sq⊗(A)
H
→ A⊗A
P
→ Sq⊗(A)
7whih are indued by the diagonal and the folding map respetively [see (2.1)℄.
Dene next the torsion square funtor
Sq⋆(A) : Abg → Abg
by setting
Sq⋆(A) = (A
>
∗ (A⊕ (Z2)odd))⊕ sq
⋆(A),
where
sq⋆(A)n =


Ω(Am), n = 2m, m even
R(Am), n = 2m, m odd
0, otherwise
3. Relative dimension subgroups and polynomial (o)homology
Relative dimension subgroups naturally appeared in the study ([Pas68a℄, [Pas79℄)
of the dimension subgroup problem via polynomial ohomology introdued there
for this purpose. For any normal subgroup N of a group E , dene the n-th
dimension subgroup Dn(E, N) of E relative to N by setting
Dn(E, N) = E ∩
(
1 + ne + en
)
.
This group is also alled dimension subgroup of the extension 1 → N → E →
E/N → 1 by Kuz'min who exhibits many interesting properties in [Kuz96℄. Note
that Dn(E) = Dn(E, {1}) = Dn(E, γn−1(E)) sine γn−1(E) − 1 ⊂ en−1 , whene
relative dimension subgroups generalize ordinary dimension subgroups; and indeed,
they were extensively used to study the latter sine the work in [Pas68a℄.
Note that N ′γn(E) ⊂ Dn(E,N) , where N
′
denotes the derived subgroup γ2(N)
of N , so the relative dimension subgroup problem asks under whih onditions
equality holds. As D2(E, N) = D2(E) = γ2(E) , the problem beomes interesting
only for n ≥ 3 . The basi tool for its study onsists of the investigation of the
following onstrutions. Let
Pn(E, N) = e/(ne+ e
n+1), I(E, N) = e/ne,
Pn(E) = e/e
n+1 = Pn(E, {1}) = Pn(E, γn(E)).
Let G = E/N . Then the group Pn(E, N) has the struture of both a non-unitary
ring and a left nilpotent G-module of lass ≤ n, via left multipliation in E , and
the map
pn : E → Pn(E, N), pn(e) = e− 1,
is a π -derivation, where π : E ։ G is the natural projetion, i.e. pn satises
pn(ee
′) = π(e)pn(e
′) + pn(e) = pn(e) + pn(e
′) + pn(e)pn(e
′) for e, e′ ∈ E.
8Reall the lassial sequene of G-modules
(3.1) 0→ N/N ′
d
−→ I(E, N)
I(π)
−→ g→ 0
with d(n¯) = n− 1 and I(π)( e− 1 ) = π(e) − 1 (see [Hil71℄); reduing modulo
en+1 indues a sequene of nilpotent G-modules of lass ≤ n
(3.2)
1→
Dn(E, N) ∩Nγn(E)
N ′γn(E)
−→
Nγn(E)
N ′γn(E)
d¯
−→ Pn−1(E, N)
Pn−1(π)
−→ Pn−1(G)→ 0
This sequene then implies a short exat sequene
(3.3) 1 −→
Dn(E, N) ∩Nγn(E)
N ′γn(E)
−→
Dn(E, N)
N ′γn(E)
−→
Dn(G)
γn(G)
−→ 1.
Consequently, the study of relative dimension subgroups breaks down into the
study of the intersetion quotient"
Dn(E, N) ∩Nγn(E)
N ′γn(E)
and of ordinary dimension subgroups of groups of lower nilpoteny lass; indeed,
N an be replaed by Nγn−1(E) sine Dn(E, N) = Dn(E, Nγn−1(E)) . Thus one
may fous on the study of the intersetion quotient.
It turns out that there is a qualitative dierene between the ase where N
is entral (or [E,N ] ⊂ N ′γn(E)) and the non-entral ase. Indeed, for n = 3
the intersetion quotient (whih atually equals D3(E,N)/N
′γ3(E)) was proved
to be trivial if N is trivial or G is yli [Pas79℄, and under some other, notably
torsion-freeness onditions [Kar88℄; but it was ompletely determined - and shown
to be non-trivial in general - only by Hartl in an unpublished note in 1993. We ite
the result here for further use; its proof, along with a generalization to arbitrary
oeient rings and to relative Fox subgroups, an be found in [Harb℄.
Consider the following part of a six-term exat sequene for the tensor and
torsion produt of Abelian groups (see [Ma63, V.6℄).
Tor(Gab, Gab)
ω1−→ (NE ′/E ′)⊗Gab
i⊗1
−→ Eab ⊗Gab
q⊗1
−→ Gab ⊗Gab −→ 0
Here i, q are the anonial injetion and projetion, respetively. Moreover, om-
mutation in E indues a homomorphism
[ , ] : (NE ′/E ′)⊗Gab → Nγ3(E)/N ′γ3(E) .
Theorem 3.1. For any normal subgroup N of a group E the following sequene
of natural homomorphisms is exat:
TorZ1 (G
ab, Gab)
[ , ]ω1
−→ Nγ3(E)/N
′γ3(E)
d¯
−→ P2(E,N)
P2(π)
−→ P2(G) −→ 0.
Consequently, one has
D3(E, N) = N
′γ3(E) sgr{[a
k, b] | a, b ∈ E , k ∈ ZZ , ak, bk ∈ NE ′} .
9We note that the formula for D3(E,N) provided by the above theorem was also
reproved by dierent methods in [Raz98℄.
Theorem 3.1 surprisingly shows that unlike the ase where N is entral, the
inlusion N ′γ3(E) ⊂ D3(E, N) is not always an equality, as was suggested by the
known partial results. Indeed, there are ounter-examples whih are p-groups for
any prime p, see 3.2 below; this is in ontrast to the ase of lassial dimension
subgroups (i.e. N = 1) whih oinide with the terms of the lower entral series
of G unless p = 2 (f. [Gup02℄).
Example 3.2. Let p be a prime and 0 < r ≤ s. Dene
E = 〈x, y | 1 = xp
s+1
= yp
s+1
= [x, [x, y]] = [y, [x, y]] 〉 .
Let N = sgp{xp
r
, yp
s
, [x, y]} . Then z = [x, y]p
s
= [x, yp
s
] ∈ D3(E, N) by
Theorem 3.1, but z has order p modulo N ′γ3(E) = {1} . 
Observe that Theorem 3.1 implies that the group D3(E,N)/N
′γ3(E) is a quo-
tient of D3(F, R)/R
′γ3(F ) for any free presentation 1→ R→ F → G→ 1 of G,
and that the latter quotient does not depend on the hosen presentation. We will
now show that it even is a funtor in Gab whih identies with another funtor
whih an be easily desribed as follows.
Let Ab denote the ategory of Abelian groups, and the funtor
∧
∗ : Ab→ Ab be
dened by
(3.4) A
∧
∗ A = Tor(A, A)/sgr{τm(x, x) | x ∈ A}
whih may be alled the exterior torsion square of A; this funtor is, in fat, the
rst derived funtor (in the sense of [Dol61℄) of the symmetri square (see setion
5).
Theorem 3.3. Let R be a normal subgroup of a free group F . Then the map
[ , ]ω1 in Theorem 3.1 indues a natural isomorphism
(F/RF ′)
∧
∗ (F/RF ′) ∼= D3(F, R)/R
′γ3(F ) .
The proof requires the funtor Γ : Ab → Ab (see setion 2) and the natural
homomorphisms
A⊗ A
w
−→ Γ(A)
δ
−→ A⊗ A
q ∧
−→ Λ2(A) = Coker(δ)
where w(x ⊗ y) = γ(x + y) − γ(x) − γ(y) = w(y ⊗ x) and δγ(x) = x ⊗ x for
x, y ∈ A. Note that δw(x⊗ y) = x ⊗ y + y ⊗ x. We also need the standard fat
that, for an exat sequene A
f
−→ B
g
−→ C → 0 of Abelian groups, the indued
10
sequene
Γ(A)⊕ A⊗ B
α
−→ Γ(B)
Γ(g)
−→ Γ(C)→ 0
is exat for α = (Γ(f) , w(f ⊗ 1)) .
Proof of Theorem 3.3 : Aording to Theorem 3.1, we must show that
Ker([, ]ω1) = sgr{τm(x, x) | x ∈ A} for A = F/RF
′.
Abbreviating D = F ab and C = RF ′/F ′ we get a ZZ -free resolution
C
i
→֒ D
q
−→ A.
Note that we have an injetion and an isomorphism
R ∩ γ2(F )
R′γ3(F )
j
→֒
γ2(F )
R′γ3(F )
c¯−1
−→
Λ2(D)
Λ2(C)
,
where
c : Λ2(D)
∼=
−→γ2(F )/γ3(F )
is the lassial isomorphism of Witt in degree 2, i.e., c((aF ′)∧ (bF ′)) = [a, b]γ3(F )
for a, b ∈ F . Thus Ker([, ]ω1) = Ker(β) for β = c¯−1j[, ]ω1 . Now onsider the
following ommutative diagram
Tor(A, A)
β
−→
Λ2(D)
Λ2(C)yω1
xqΛ
C ⊗ A
i⊗1
−→ D ⊗D
C ⊗ C
q⊗1
−→ A⊗D
1⊗q
−→ A⊗Axδ¯
xδ
Γ(C)⊕ A⊗ C
α
−→
Γ(D)
w(C ⊗ C)
Γ(q)
✲ Γ(A)
whose last row is exat with
α = (qΓΓ(i), w(1⊗ i))
and qΓ : Γ(D)։ Γ(D)/w(C⊗C) being the anonial projetion. As Im( i⊗ 1 ) =
Ker( q ⊗ 1 ) , we get
Ker([, ]ω1) = ω
−1
1 (i⊗ 1 )
−1
Ker(qΛ)
= ω−11 (i⊗ 1 )
−1 Im(δ¯)
= ω−11 (i⊗ 1 )
−1 δ¯Ker((q ⊗ 1 )δ¯)(3.5)
Note that ω1 and i⊗ 1 are injetive as D is a free ZZ -module, so we essentially
must determine the group Ker((q ⊗ 1 )δ¯) . To this end, onsider the following
ommutative diagram with exat rows and olumns, where ω2 is the orresponding
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onneting homomorphism; moreover, α′ and Γ(q)
′
are given by restrition of α
and Γ(q) :
Γ(C)
α′
−→ Ker((q ⊗ 1 )δ¯)
Γ(q)
′
−→ Ker(δ)y(1, 0)t
y
y
Γ(C)⊕ A⊗ C
α
−→
Γ(D)
w(C ⊗ C)
Γ(q)
−→ Γ(A) → 0y(0, 1)↓
y(q⊗1 )δ¯
yδ
Tor(A, A)
ω2−→ A⊗ C
1⊗i
−→ A⊗D
1⊗q
−→ A⊗A → 0
Applying the snake lemma provides an exat sequene
(3.6) Γ(C)⊕ Tor(A, A)
α′′
−→ Ker((q ⊗ 1 )δ¯)
Γ(q)
′
−→ Ker(δ) → 0,
where α′′ = (qΓΓ(i) , w(1⊗ i)ω2) . Now for c ∈ C ,
δ¯α′′γ(c) = δ¯qΓΓ(i)γ(c) = δ¯ γ(c) = δγ(c) = c⊗ c = 0 .
Next, let τm(x1, x2) ∈ Tor(A, A) , and let x
′
k ∈ D suh that qx
′
k = xk , k = 1, 2 .
Then
δ¯α′′τm(x1, x2) = δ¯ w(1⊗ i)ω2τm(x1, x2)
= δ¯ w(1⊗ i)(x1 ⊗ i
−1(mx′2))
= δw(x′1 ⊗mx
′
2) + C ⊗ C
= x′1 ⊗mx
′
2 +mx
′
2 ⊗ x
′
1 + C ⊗ C
= (i⊗ 1)(i−1(mx′1)⊗ x
′
2 + i
−1(mx′2)⊗ x
′
1) + C ⊗ C
= ( i⊗ 1 )ω1(τm(x1, x2) + τm(x2, x1))
Thus ω−11 ( i⊗ 1 )
−1δ¯ Im(α′′) is generated by the elements τm(x1, x2)+τm(x2, x1) ,
x1, x2 ∈ A whih belong to sgr{τm(x, x) | x ∈ A} .
By (3.6) it remains to treat Ker(δ) . We know that it is generated by the elements
o(x)γ(x) , where x ∈ A is of nite even order o(x) (see [Har96b, Lemma 5.1℄). If
x is of odd order, then o(x)γ(x) = 0 ; in fat, w(x⊗ x) = γ(2x)− 2γ(x) = 2γ(x) ,
whene o(x)γ(x) = o(x)γ(x) +
(
o(x)
2
)
w(x⊗ x) = o(x)2γ(x) = γ(o(x)x) = 0 . Thus
Ker(δ) is generated by the elements mγ(x) where x ∈ A, m ∈ ZZ suh that
mx = 0 . For suh x and m, and x′ ∈ D suh that qx′ = x, we have
δ¯qΓ(mγ(x
′)) = mδγ(x′)
= (i⊗ 1)(i−1(mx′)⊗ x′) + C ⊗ C
= ( i⊗ 1 )ω1τm(x, x) .
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Thus it follows from equation (3.5) that Ker([, ]ω1) = sgr{τm(x, x) | x ∈ A} , as
asserted. 
Theorem 3.3 admits an appliation to group ohomology H2Nc(G, M) with re-
spet to the variety Nc of c-step nilpotent groups, for c = 2 , thus solving a
problem of LeedhamGreen [Lee71℄ in this ase. Let G be nilpotent of lass c and
M be a nilpotent G-module of lass ≤ c, i.e., gcM = 0 . Then it is well-known that
the set of ongruene lasses of group extensions e : 0 → M
i
−→ E
π
−→ G → 1
with E ∈ Nc , equipped with the Baer sum operation, is a group isomorphi
with H2Nc(G, M) . LeedhamGreen asks when the usual shifting isomorphism
Ext1Z [G](g, M)
∼= H2(G, M) admits a varietal analogue whih for Nc means a
natural isomorphism Ext1Rc(Pc(G), M)
∼= H2Nc(G, M) with Rc = ZZ[G]/g
c
. He
shows that even for c = 2 this is not the ase, by taking G to be the Klein four-
group. Kuz'min [Kuz83℄ establishes a natural exat sequene whih, for the variety
Nc and in our notation, reads
(3.7)
0 −→ Ext1Rc(Pc(G) ,M)
µ
−→ H2Nc(G,M)
ν
−→ HomRc((Dc+1(F,R) ∩R)/R
′,M)
where f : 1 → R → F
ϕ
−→ G → 1 is a free presentation of G in the variety
Nc , and where the struture of Rc -module on (Dc+1(F,R) ∩ R/R′ is given by
the usual onjugation ation of G on R/R′ . Moreover, ν is given as follows: for
an extension e in Nc as above hoose a lifting α0 giving rise to a ommutative
diagram
1 → R/R′ → F/R′ → G → 1yα1
yα0 ‖
1 → M
i
−→ E
π
−→ G → 1
Then ν[e] is given by restrition of α1 . For c = 2 , we improve Kuz'min's sequene
as follows.
Consider the group Gab
∧
∗ Gab as a trivial Rc -module. By Theorem 3.3 and
(3.2), we have two suessive short exat sequenes of Rc -modules
(3.8) Gab
∧
∗ Gab
[,]ω1
>−→ R/R′ −→ Coker([, ]ω1)
d¯
>−→ P2(F, R)
P2(ϕ)
−→ P2(G).
These sequenes give rise to two suessive boundary maps
HomR2(G
ab ∧∗ Gab, M)
∂1−→ Ext1R2(Coker([, ]ω1) , M)
∂2−→ Ext2R2(P2(G), M).
13
Theorem 3.4. If G is a 2-step nilpotent group and M nilpotent G-module of
lass ≤ 2, then there is a natural exat sequene
0→ Ext1R2(P2(G), M)
µ
−→ H2N2(G, M)
ν′
−→ HomR2(G
ab ∧∗ Gab, M)
∂
−→ Ext2R2(P2(G), M),
where ∂ = ∂2∂1 , and ν
′
is dened as follows:
For a typial generator τm(x1, x2) of Tor(G
ab, Gab), let x˜k ∈ E be suh that
π(x˜k)G
′ = xk , and let y2 ∈M be suh that x˜m2 ≡ i(y2) mod E
′
. Then
ν ′[e]( τm(x1, x2) ) = (π(x˜1)− 1)y2.
We note that the extension of Kuz'min's sequene (3.7) on the right by a bound-
ary operator ∂ as in the Theorem an be easily generalized to any variety of groups.
Example 3.5. Let E be the group in Example 3.2,
M = ZZ/ps−r+1〈xp
r
〉 × ZZ/p〈yp
s
〉 × ZZ/ps+1〈[x, y]〉 ⊂ E,
and G = E/M = ZZ/pr〈x¯〉 × ZZ/ps〈y¯〉. Then, for e : M →֒ E ։ G, one has
[e] /∈ Im(µ) , sine ν ′[e]( τpr(x¯, ps−ry¯) ) = ps[x, y] 6= 0.
Proof of Theorem 3.4 : We use the isomorphism
[, ]ω1 : G
ab ∧∗ Gab
∼=
−→D3(F, R)/R
′
of Theorem (3.3) to replae ν in (3.7) by
ν˜ : [e] 7→ ([, ]ω1)
∗ν[e] ∈ HomR2(G
ab ∧∗ Gab, M).
But hoosing xˆk ∈ F to be suh that ϕ(xˆk)G′ = xk and taking x˜k = α0(xˆk) ,
k = 1, 2 , we have i∗ν˜[e]
(
τm(x1, x2)
)
= iα1[xˆ
m
2 , xˆ1]
−1 = [α0(xˆ1), α0(xˆ2)
m] =
[x˜1, i(y2)] = i
(
(π(x˜1) − 1)y2)
)
= i∗ν
′[e]( τm(x1, x2) ) . Thus ν˜ = ν
′
and our se-
quene is exat at H2N2(G,M) . Now let β ∈ HomR2(G
ab ∧∗ Gab, M) . One has
∂(β) = 0 if and only if ∂1(β) = 0 , sine ∂2 is an isomorphism; in fat, if (xi)i∈I
is a basis of the N2 -free group F then P2(F, R) is a free R2 -module with basis
(p2(xi))i∈I , as follows from the orresponding fat that the augmentation ideal of
an absolutely free group Γ is a free ZZ(Γ)-module. But ∂1(β) = 0 if and only if
there exists an R2 -linear map β˜ : R/R
′ → M suh that β˜ [, ]ω1 = β . If suh β˜
exists then there is an indued extension β˜∗f : 0→M → Eβ˜ → G→ 1 for whih
we an hoose α0 suh that α1 = β˜ , whene ν
′[β˜∗f ] = ν˜[β˜∗f ] = β .
Conversely, if there exists an extension e : 0 → M → E → G → 1 suh that
ν ′[e] = β then the map β˜ = α1 satises β˜ [, ]ω1 = ν˜[e] = ν
′[e] = β . Thus our
sequene is also exat at HomR2(G
ab ∧∗ Gab, M) . 
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For n ≥ 4 , the intersetion quotient Dn(E,N)∩Nγn(E)
N ′γn(E)
appears to be rather mys-
terious if N is non-entral; in fat, nothing seems to be known in this ase.
For entral N , however, it is known that the triviality of the intersetion quo-
tient is measured by the polynomial ohomology group PnH
2(E/N, Q/ZZ) , where
PnH
2(G, A) , for a group G and a trivial G-module A, is dened to be the sub-
group of H2(G,A) onsisting of elements representable by bipolynomial oyles of
degree ≤ n in eah variable.
In [Har96a℄ and [Har98℄, the above approah was modied and extended so as to
dene polynomial ohomology groups PnH
i(G, M) for all i ≥ 1 and n-step nilpo-
tent G-modules M , and to interpret them as relative Ext-funtors. It turned out
that polynomial 2-ohomology in this sense provides a powerful tool for omput-
ing the atual ohomology group H2(G,M) if G is nitely generated torsion-free
nilpotent and M is additively torsion-free, not only as a group but along with ex-
pliit representing 2-oyles in terms of numerial polynomial funtions [Har96a℄.
Conerning relative dimension subgroups a dual version of the original ohomo-
logial approah is proposed in [Har91℄ and [Har98℄, using polynomial homology
PnH2(G) (instead of ohomology); the reason being that the kernel of the anon-
ial approximation ρn−2 : H2(G) ։ Pn−2H2(G) turns out to be the universal
relative dimension quotient Dn(E,C) ∩ N/γn(E) ∩ N for all entral extensions
1→ C → E → G→ 1 , provided γn(G) = 1 .
To desribe the above onept, we rst reall from [Har98℄ the onstrution and
basi properties of polynomial (o)homology in the generalized sense.
Let K be a ommutative unitary ring and A be an augmented K -algebra with
augmentation ideal A¯ .
Denition 3.1. Let n ≥ 0 . The polynomial bar onstrution (PnB(A) , δ¯) , of
degree n over A, is dened by PnB0(A) = 0 and
PnBi(A) = (A/A¯
n+1)⊗K (A¯/A¯
n+1)⊗i−1 ⊗K (A¯/A¯
n+2)
for i ≥ 1 , and the dierential δ¯i : PnBi(A)→ PnBi−1(A) is given by
δ¯i(a0 ⊗ · · · ⊗ ai) =
i−1∑
j=0
(−1)ja0 ⊗ · · · ⊗ ajaj+1 ⊗ · · · ⊗ ai
for i ≥ 2 . For left (resp. right) (A/A¯n+1)-module M (resp. N ), dene polynomial
(o)homology of degree n of A by
PnH
i(A, M) = H i(HomA/A¯n+1(PnB(A) , M)),
PnHi(A, N) = Hi(N ⊗A/A¯n+1 PnB(A))
Now, for a group G, polynomial (o)homology of degree n is dened by applying
these onstrutions to the group ring A = ZZ[G]: for left (resp. right) (n+1)-step
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nilpotent G-module M (resp. N ) let
PnH
i(G, M) = PnH
i(ZZ[G], M),
PnHi(G, N) = PnHi(ZZ[G], N) .
In order to understand the properties of these onstrutions, reall the bar res-
olution B(A, C) of a left A-module C (see [Ma63, X.2℄). The inverse of the
anonial isomorphism A¯
∼=
−→A/K ·1A , a 7→ a¯ , yields an isomorphism of B(A, C)
with the omplex B˜(A, C) dened by B˜i(A, C) = A⊗K A¯⊗i ⊗K C and the same
formula for the dierential as in B(A, C) . But denoting by ΣX , for a omplex
X , the suspension of X , we see that PnB(A) = ΣB˜(A/A¯
n+1, A¯/A¯n+2) , whene
Hi(PnB(A)) =
{
A¯/A¯n+2 if i = 1
0 otherwise
and PnH
i(A, M) , PnHi(A, N) are relative Ext- and Tor-funtors, resp. :
PnH
i(A, M) = Exti−1
(A/A¯n+1, K)
(A¯/A¯n+2, M),
PnHi(A,N) = Tor
(A/A¯n+1, K)
i−1 (N, A¯/A¯
n+2)
Note that if K = Z and M is torsion-free as a ZZ -module, then one an replae
the groups A/A¯n+1 and A/A¯n+2 in PnB(A) by their torsion-free quotients; if,
in addition, A/A¯n+2 is a nitely generated ZZ -module, we thus obtain a free
suspended resolution of τ¯ (A¯/A¯n+2) , where τ¯ (X) denotes the quotient modulo
ZZ -torsion of X . Thus, in this ase, the relative Ext-funtors above turn into
usual Ext-funtors, and we get an isomorphism
(3.9) PnH
i(A, M) = Exti−1
τ¯(A/A¯n+1)
(τ¯ (A¯/A¯n+2), M)
Similarly, if N is torsion-free as a ZZ -module and A/A¯n+2 is a nitely generated
ZZ -module, then
(3.10) τ¯
(
PnHi(A,N)
)
= τ¯
(
Tor
τ¯(A/A¯n+1)
i−1 (N, τ¯(A¯/A¯
n+2))
)
In partiular, the isomorphisms (3.9) and (3.10) hold when A = ZZ[G] for a nitely
generated group G, and this is of partiular interest if G is nitely generated
torsion-free nilpotent (see [Har96a℄, [Har98℄).
To relate polynomial (o)homology with usual (o)homology, note that the
anonial isomorphism B˜i(A, K) ∼= B˜i−1(A, A¯) atually is an isomorphism of om-
plexes B˜(A, K) ∼= ΣB(A, A¯) , sine the last term of the dierential of B˜i(A, K)
vanishes. Thus natural maps
(3.11)
ρ∗n : PnH
i(A, M)→ H i(A, M),
ρn∗ : Hi(A, M)→ PnHi(A, M)
are indued by the omposite map of omplexes
ρn : B(A, K) ∼= B˜(A, K) ∼= ΣB˜(A, A¯)
Σrn−→ ΣB˜(A/A¯n+1, A¯/A¯n+2) = PnB(A),
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where rn is the tensor produt of the anonial projetions. Expliitly,
ρn(a0 ⊗ · · · ⊗ ai ⊗ λ) = λa0 ⊗ a1 − ǫa1 ⊗ · · · ⊗ ai − ǫai
in degree i.
Lemma 3.6. For i = 2, the map ρ∗n (resp. ρn ∗ ) in (3.11) is injetive (resp.
surjetive).
Proof. Let f ∈ HomA/A¯n+1(PnB2(A), M) be suh that ρ
∗
n[f ] = 0 . Then r
∗
n(f) =
δ∗1(g) with g ∈ HomA(B¯0(A, A¯), M) = HomA(A ⊗K A¯, M) . For (a0, a1, a2) ∈
A × A¯ × A¯ , we have f(a0 ⊗ a1 ⊗ a2) = g(a0a1 ⊗ a2) − g(a0 ⊗ a1a2) . One has
g(A¯n+1⊗ A¯) = A¯n+1g(1⊗ A¯) = 0 , and if a1 ∈ A¯n+1 , then g(a0⊗ a1a2) = g(a0a1⊗
a2)− f(a0 ⊗ 0⊗ a2) = 0 . Thus g fators through g¯ : A/A¯
n+1 ⊗K A¯/A¯
n+2 → M ,
whene f = δ¯∗2(g¯) ≡ 0 in PnH
2(A, M) and ρ∗n is injetive. As to ρn ∗ , note that
for (x, a1, a2) ∈ N × A¯n+1 × A¯ , we have (N ⊗ δ2)(x ⊗ a1 ⊗ a2) = xa1 ⊗ a2 −
x ⊗ a1a2 = −x ⊗ a1a2 sine N is an A/A¯n+1 -module. Thus Im(N ⊗ A¯n+2) =
(N ⊗ δ2)Im(N ⊗ A¯n+1 ⊗ A¯) and whene Ker(N ⊗ δ¯2) = (N ⊗ ρ2)Ker(N ⊗ δ2) .
This implies that ρn ∗ is surjetive. 
The K -modules PnH
i(A, M) and PnHi(A, N) , for xed i ≥ 2 and varying
n ≥ 0 , are related by hains of natural maps
0 = P0H
i(A, M)→ . . .→ PnH
i(A, M)
σ∗n−→ Pn+1H
i(A, M)→ . . .
ρ∗
−→ H i(A, M)
(3.12)
Hi(A, N)
ρ∗
−→ . . .→ Pn+1Hi(A, N)
σn∗−→ PnHi(A, N)→ . . .→ P0Hi(A, N) = 0
ommuting with the maps ρ∗ and ρ∗ where σn : Pn+1B(A) ։ PnB(A) is the
tensor produt of the anonial projetions. For i = 2 the map σ∗n (resp. σn∗ ) is
injetive (resp. surjetive) by Lemma 3.6; therefore, identifying PnH
2(A, M) with
its isomorphi image ρ∗nPnH
2(A, M) in H2(A, M) , provides a natural asending
ltration of H2(A, M) ,
0 = P0H
i(A, M) ⊂ . . . ⊂ PnH
i(A, M) ⊂ Pn+1H
i(A, M) ⊂ . . . ⊂ H i(A, M)
Dually, the maps σn∗ in (3.12) being surjetive for i = 2 , an be interpreted as a
natural oltration of H2(A, N) whih, in turn, gives rise to a natural desending
ltration
(3.13) H2(A, N) = Ker(ρ0∗) ⊃ . . . ⊃ Ker(ρn∗) ⊃ Ker(ρn+1∗) ⊃ . . . ⊃ 0
Now, returning to polynomial (o)homology of groups, note that
PnBi(ZZ[G]) = ZZ[G]/g
n+1 ⊗ Pn(G)
⊗i−1 ⊗ Pn+1(G),
whene ρ∗nPnH
i(G, M) is the subgroup of H i(G, M) onsisting of elements rep-
resentable by multi-polynomial oyles of degree ≤ n in the rst i− 1 variables
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and of degree ≤ n+ 1 in the last variable. For i = 2 , note that
Coker(ZZ ⊗ δ¯3 : ZZ ⊗G PnB3(ZZ(G))→ ZZ ⊗G PnB2(ZZ(G)))
∼= Pn(G)⊗G Pn+1(G)
∼= Pn(G)⊗G Pn(G)(3.14)
Thus, if M is a trivial G-module, ρ∗nPnH
2(G, M) is the subgroup of H2(G, M)
onsisting of elements representable by bipolynomial oyles of degree ≤ n in both
variables; onsequently, PnH
2(G, M) is isomorphi via ρ∗n with the polynomial
ohomology groups dened in [Pas68a℄.
We now wish to show that atually it is the ltration (3.13) whih is intimately
related to dimension subgroups. Denote by
ρGn∗ = ρn∗ : H2(G)→ PnH2(G),
abbreviating H2(G) = H2(G, ZZ) and PnH2(G) = PnH2(G, ZZ) .
Lemma 3.7. One has a ommutative diagram with exat rows
0 → H2(G)
j
−→ g⊗G g
µ
−→ gyρGn∗
yπn⊗πn
yπn+1
0 → PnH2(G)
jn
−→ Pn(G)⊗G Pn(G)
µn
−→ Pn+1(G),
where µ, µn are indued by multipliation in g and πk is the anonial projetion.
The above lemma easily follows from (3.14). We need to speify an isomorphism
in the Hopf formula. We use the ommutator onventions [a, b] = aba−1b−1 for
a, b ∈ G and [x, y] = xy−yx for elements x, y in some ring. As usual, G′ = γ2(G) .
For the rest of this setion, hoose a free presentation
1→ R
i′
−→ F
q′
−→ G→ 1
of G, where we onsider R as a subgroup of F . It is often onvenient to write
a¯ = q′(a) for a ∈ F .
Proposition 3.2. An isomorphism
ν : R ∩ F ′/[F, R]
∼=
−→ H2(G) = Ker(µ : g⊗G g→ g)
is given by the omposite map R ∩ F ′/[F, R] →֒ [F, F ]/[F, R]
ν′
−→ g ⊗G g, where
for a, b ∈ F
(3.15) ν ′([a, b]) = (a¯− 1)⊗ (b¯− 1)a¯−1b¯−1 − (b¯− 1)⊗ (a¯− 1)a¯−1b¯−1
= (a¯− 1)⊗ (b¯− 1)− (b¯− 1)⊗ (a¯− 1) + [a¯− 1 , b¯− 1]⊗ (a¯−1b¯−1 − 1).
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Proof. Consider the following diagram of homomorphisms.
(3.16)
1 → R ∩ F ′/[F, R]
ν
−→ g⊗G g
µ
−→ g2 → 0yι
yµ′
yι
1 → R/[F, R]
Di′
−→ I
(
F/[F, R] , R/[F, R]
)
I(q′)
−→ g → 0yq↓
yχ↓
yχ↓
1 → R/R ∩ F ′ →֒ F/F ′
q′
−→ G/G′ → 1
Here ι denotes the respetive inlusions, q the natural projetion, the maps χ send
a− 1 to aΓ′ for a ∈ Γ = F, G, and µ′((a¯−1)⊗(b¯−1)) = (a− 1)(b− 1) , a, b ∈ F ,
is well-dened by entrality of R/[F, R]. The diagram ommutes; for the upper
left hand square this follows from the identity [a, b] − 1 = [a − 1, b − 1]a−1b−1
for a, b ∈ F . The middle and bottom row are exat, and so are the olumns,
thanks to the well-known isomorphism χ : P1(Γ) ∼= Γ/Γ′ for any group Γ . This
suessively implies injetivity of µ′ , the relation
(3.17) (Di′)−1 Im(µ′) = R ∩ F ′/[F, R]
and exatness of the rst row, as asserted. 
Now we are ready for the main result of this setion.
Theorem 3.8. Let e : C
i
→֒ E
q
։ G be a entral group extension and suppose
that γn(E) = 1. Then
Dn(E, C) ∩ C = κ
(
Ker(ρGn−2 ∗ : H2(G)։ Pn−2H2(G))
)
where κ : H2(G)→ C is adjoint to the ohomology lass of e under the Kroneker
pairing H2(G, C)×H2(G)→ C .
Proof. This is just an extension of the proof of Proposition 3.2. With the notations
there we obtain a ommutative diagram of entral extensions
1 → R/[F, R]
i′
−→ F/[F, R]
q′
−→ G → 1yα1
yα0 ∥∥∥
1 → C
i
−→ E
q
−→ G → 1
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by hoosing any lifting α0 of q′ . Then κ = α1ιν
−1
. Consider the following
ommutative diagram with exat rows.
(3.18)
0 → H2(G)
j
−→ g⊗G g
µ
−→ g2 → 0yιν−1
yµ′
yι
1 → R/[F, R]
Di′
−→ I
(
F/[F, R] , R/[F, R]
)
I(q′)
−→ g → 0yα1
yI(α0) ∥∥∥
1 → C
Di
−→ I(E, C)
I(q)
−→ g → 0
Note that x ∈ H2(G) lies in Ker(ρGn−2 ∗) if and only if j(x) ∈ Im(g⊗ g
n−1) . Thus
Diκ(Ker(ρGn−2 ∗)) ⊂ Pn(E, C) and κ(Ker(ρ
G
n−2 ∗)) ⊂ Dn(E, C) .
Conversely, let c ∈ Dn(E, C) ∩ C . Then there is y ∈ Im(g⊗ gn−1) suh that
Di(c) = I(α0)µ
′(y) . By exatness of the rows of the diagram (3.18) it follows that
there is z ∈ R/[F, R] suh that Di′(z) = µ′(y) . By (3.17) there exists x ∈ H2(G)
suh that ιν−1(x) = z . Then µ′j(x) = µ′(y) , whene j(x) = y , sine µ′ is
injetive. Hene x ∈ Ker(ρGn−2 ∗) . But Diκ(x) = I(α0)µ
′(y) = Di(c) , whene
c = κ(x) ∈ κ(Ker(ρGn−2 ∗)) , as desired. 
Corollary 3.9. Let E be an (n−1)-step nilpotent group and C a entral subgroup
of E . Then Dn(E, C)∩Cγn−1(E) is a homomorphi image of Ker(ρGn−2 ∗) for the
(n− 2)-step nilpotent group G = E/Cγn−1(E).
In fat, Dn(E, C) = Dn(E, Cγn−1(E)) , sine γn−1(E)− 1 ⊂ en−1 .
As a rst illustration of the method, we reprove a result known for a long time
(see [Pas79℄).
Corollary 3.10. For any group Γ and n ≤ 3, Dn(Γ) = γn(Γ).
Proof. We apply Corollary 3.9 to E = Γ/γn(Γ) . The ase n = 1 is trivial. For
n = 2 , take C = E . Then D2(Γ)/γ2(Γ) = D2(E, E) ∩ E is trivial as G is.
For n = 3 , take C = γ2(E) . Then
D3(Γ)/γ3(Γ) = D3(E) = D3(E, γ2(E)) ∩ γ2(E),
sine γ2(E)− 1 ⊂ e2 and D3(E) ⊂ D2(E) = γ2(E) . Consider the maps
G ∧G
φ
−→ R ∩ F ′/[F, R] = F ′/[F, R]
ν
−→ g⊗G g
π1⊗π1−→ P1(G)⊗G P1(G) = G⊗G,
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where φ is the lassial isomorphism given by jφ(a¯∧ b¯) = [a, b] for a, b ∈ F . The
omposite map (π1 ⊗ π1)νφ sends a ∧ b to a⊗ b − b⊗ a by (3.15); but this map
is well-known to be injetive so Ker(ρG1 ∗) = 0 by Lemma 3.7. 
4. The fourth dimension quotient
We now onsider the ase n = 4 in Corollary 3.9. This leads to a simple
desription of the ruial group Ker(ρG2 ∗) in terms of the exterior torsion square
of Gab = G/G′ whih amounts to a nie proof of the well-known result that, for
all groups Γ , the dimension quotient D4(Γ)/γ4(Γ) is of exponent 2 (see [Pas79℄).
For an Abelian group A, let L(A), T (A) , and S(A) denote the free Lie algebra,
the tensor algebra and the symmetri algebra over A respetively. The natu-
ral maps of graded Abelian groups L(A)
l
>−→ T (A)
s
−→ S(A) are the injetion
into the universal enveloping algebra and the anonial projetion, resp. Thus ln
sends an n-fold Lie braket in Ln(A) to the orresponding tensor ommutator in
Tn(A) = A
⊗n
. In partiular, L2(A) = A ∧ A and l2(a ∧ b) = a ⊗ b − b ⊗ a for
a, b ∈ A.
For the rest of this setion, let G be a 2-step nilpotent group. The surjetive
homomorphism c2 : G
ab ∧ Gab ։ G′ is dened by c2(a¯ ∧ b¯) = [a, b] for a, b ∈ G.
For x ∈ Gab and m ∈ ZZ suh that mx = 0 , hoose elements x˜ ∈ G and
fmx ∈ G
ab ∧Gab suh that x˜G′ = x and c2(fmx) = x˜
m
.
The main ingredients for alulating Ker(ρG2 ∗) are the struture theorems de-
sribing H2(G) and P2(G)⊗G P2(G) for 2-step nilpotent G whih we reall from
[Har96b℄ and [Har95℄.
Theorem 4.1. For 2-step nilpotent G there are natural exat sequenes
(4.1)
Tor(Gab, Gab)
δ
−→
L3(G
ab)
[Gab, Ker(c2)] + V
νi
−→ H2(G)
σ
−→ Gab∧Gab
c2−→ G′ → 1,
Tor(Gab, Gab)
δ′
−→
(Gab)⊗3
l2Ker(c2) ⊗G
ab +Gab ⊗ l2Ker(c2)
i′
−→ P2(G)⊗G P2(G)
(4.2)
σ′
−→ Gab⊗Gab → 0,
where
δ(τm(x1, x2)) = q
(
[x1, fmx2] + [x2, fmx1] +
(
m
2
)
[x1 + x2, [x1, x2]]
)
δ′(τm(x1, x2)) = q
′
(
x1⊗(l2fmx2)−(l2fmx1)⊗x2+
(
m
2
)
(x1⊗x1⊗x2−x1⊗x2⊗x2)
)
21
with q, q′ being the anonial projetions, and
i[a¯, [b¯, c¯]] = [a, [b, c]],
σ : H2(G)
∼=
−→
ν−1
R ∩ F ′
[F, R]
→֒
[F, F ]
[F, R]
ν′′
−→ Gab ∧Gab
with
ν ′′([a, b]) = a¯ ∧ b¯,
i′(a¯⊗ b¯⊗ c¯) = (a− 1)(b− 1)⊗ (c− 1),
σ′((a− 1)⊗ (b− 1)) = a¯⊗ b¯,
for a, b, c ∈ G. Finally, V denotes the subgroup of L3(G
ab) generated by the
elements [x, fo(x)x], where x ranges over the elements of nite even order o(x) of
Gab . 
Note that for any torsion element x of Gab , δ(τo(x)(x, x)) = 2[x, fo(x)x], so if
o(x) is odd, [x, fo(x)x] ∈ Im(δ) . Thus V an be replaed by the subgroup V ′
generated by the elements [x, fo(x)x] for any torsion elements x ∈ G
ab
. Now if
mx = 0 for m ∈ ZZ , then [x, fmx] ∈ V ′ ; this shows that the map
δ1 : G
ab ∧∗ Gab −→
L3(G
ab)
[Gab, Ker(c2)] + V + Im(δ)
dened by δ1(τm(x1, x2)) = [x2, fmx1] is well-dened. Moreover, dene homomor-
phisms
Gab ⊗G′
δ2←− Gab
∧
∗ Gab
δ3−→ SP 3(Gab)
by δ2( τm(x1, x2) ) = x1⊗ x˜k2 −x2⊗ x˜
k
1 and δ3( τm(x1, x2) ) =
(
m
2
)
s3(x1⊗x1⊗x2−
x1 ⊗ x2 ⊗ x2) .
Our main result of this setion is the following:
Theorem 4.2. For every 2-step nilpotent group G,
Ker(ρG2 ∗) = νiδ1(Ker(δ2) ∩ Ker(δ3))
We note that this result, ombined with Corollary 3.9, leads to the onstru-
tion of a multi-parameter family of examples of groups with non-trivial fourth
dimension quotient [Hara℄.
Before proving the theorem, we note an immediate onsequene whih in view
of Corollaries 3.9 and 3.10 reproves the known result stating that D4(E, C)/γ4(E)
is of exponent 1 or 2 .
Corollary 4.3. For every 2-step nilpotent group G,
2Ker(ρG2 ∗) = 0 and Ker(ρ
G
2 ∗) ⊂ 2Im(νi) ⊂ 2H2(G).
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Proof. Let β : Gab ⊗ G′ →
L3(G
ab)
[Gab, Ker(c2)] + V + Im(δ)
be the fatorisation of
the braket map Gab ⊗ L2(Gab) → L3(Gab) followed by the projetion through
1⊗ c2 : G
ab ⊗ L2(G
ab)։ Gab ⊗G′ . Now
−βδ2(τm(x1, x2)) = − [x1, fmx2] + [x2, fmx1]
= δ1(τm(x1, x2)− τm(x2, x1))
= δ1(2τm(x1, x2))
whene 2δ1 = −βδ2 and 2δ1(Ker(δ2) ∩Ker(δ3)) = 0 . The remaining relations are
immediate from Theorem 4.2 and Lemma 4.4 below. 
Lemma 4.4. The subgroup Ker(δ3) of G
ab ∧∗ Gab is generated by the elements
τm(x1, 2x2), x1, x2 ∈ Gab , m ∈ ZZ suh that mx1 = 2mx2 = 0.
Proof. It is lear that the indiated elements are in Ker(δ3) . To prove the onverse,
we may assume that Gab is a nite 2-group. Let Gab =
⊕n
i=1 ZZ/2
ri ·xi , 1 ≤ ri ≤ rj
if i ≤ j , be a deomposition of Gab into yli fators generated by elements xi .
Then Gab
∧
∗ Gab =
⊕
1≤i<j≤n ZZ/2
riτ2ri (xi, 2rj−rixj) . One has
δ3τ2ri (xi, 2rj−rixj) = 2
ri−1(2ri − 1)s3
(
xi ⊗ xi ⊗ 2
rj−rixj − xi ⊗ 2
rj−rixj ⊗ 2
rj−rixj
)
= 2rj−1s3(xi ⊗ xi ⊗ xj)− 2
2rj−ri−1s3(xi ⊗ xj ⊗ xj)
So δ3τ2ri (xi, 2rj−rixj) = 0 if ri < rj . As SP
3(Gab) =
⊕
1≤i≤j≤k≤nZZ/2
ri · s3(xi ⊗
xj⊗xk) we see that the above yli fators of Gab
∧
∗ Gab map into dierent diret
omponents of SP 3(Gab) under δ3 ; hene Ker(δ3) is generated by the elements
τ2ri (xi, 2rj−rixj) , ri < rj , and 2τ2ri (xi, xj) = τ2ri (xi, 2xj) , ri = rj . 
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Proof of Theorem 4.2 : Consider the following diagram.
(4.3)
Tor(Gab, Gab)⊕ V ′′
δV−→
L3(G
ab)
K
νi
−→ H2(G)
σ
−→ Ker(c2) → 0yt
yl3
yρG2∗
yl2
Tor(Gab, Gab)
δ′
−→
(Gab)⊗3
K ′
i′
−→ P2(G)⊗G P2(G)
σ′
−→ Gab ⊗Gab → 0yπ↓
yπ′↓ ‖ ‖
Gab
∧
∗ Gab
δ′
−→ Coker(l3δV )
i′
−→ P2(G)⊗G P2(G)
σ′
−→ Gab ⊗Gab → 0xj
xl3
xρG2∗
xl2
Ker(δ2) ∩Ker(δ3)
δ1−→
L3(G
ab)
K + Im(δV )
νi
>−→ H2(G)
σ
−→ Ker(c2) → 0
Here V ′′ is the free Abelian group generated by elements [x] where x runs through
the torsion elements of Gab . Moreover, K = [Gab, Ker(c2)] and K
′ = l2Ker(c2) ⊗
Gab + Gab ⊗ l2Ker(c2) . The map δV is δ on Tor(G
ab, Gab) and sends [x] to
[x, fo(x)x], while t sends τm(x1, x2) to τm(x1, x2)+τm(x2, x1) and [x] to τo(x)(x, x) .
The maps π, π′ are the anonial projetions while j is the anonial injetion.
It is straightforward to hek that the three upper squares ommute; and the
two upper rows of diagram (4.3) are exat by Theorem 4.1. This implies that
δ′ and i′ are well-dened, that the third row is exat, too, and that all squares
ommute, exept possibly the one in the bottom left-hand orner. By injetivity
of l2 we have
(4.4) Ker(ρG2∗) = νi l3
−1
(Im(δ′) ∩ Im(l3))
Now we reall the well-known natural exat sequene for any Abelian group A
(whih is a natural version of the Poinaré-Birkho-Witt deomposition of A⊗3 )
0 −→ L3(A)⊕A⊗ (A ∧ A)
(l3, 1⊗l2)
−→ A⊗3
s3−→ SP 3(A) −→ 0
whih for A = Gab suessively indues the following exat sequenes natural in
G
0 −→
L3(A)
[Gab, Ker(c2)]
⊕
(
Gab ⊗
(Gab ∧Gab)
Ker(c2)
)
(l3, 1⊗l2)
−→
(Gab)⊗3
K ′
s3−→ SP 3(A) −→ 0
(4.5)
0→
L3(A)
[Gab, Ker(c2)] + Im(δV )
⊕ (Gab⊗G′)
(l3, π1⊗l2)
−→ Coker(l3 δV )
s3−→ SP 3(A)→ 0
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One has Im(δ′) ∩ Im(l3) ⊂ δ′Ker(s3 δ′) . But s3 δ′ = δ3 , and on Ker(δ3) , δ′
oinides with the map δ′′ sending τm(x1, x2) to πq
′([x2, l2fmx1]+x1⊗l2fmx2−x2⊗
l2fmx1) = (l3δ1+ π1⊗ l2δ2)( τm(x1, x2) ) sine we an write δ
′
as δ′(τm(x1, x2)) =
[x2, l2fmx1] + x1 ⊗ l2fmx2 − x2 ⊗ l2fmx1 +
(
m
2
)
(x1 ⊗ x1 ⊗ x2 − x1 ⊗ x2 ⊗ x2) ,
and by Lemma 4.4. Thus the square in bottom left-hand orner of diagram (4.3)
ommutes. By sequene (4.5), Im(δ′) ∩ Im(l3) = l3δ1(Ker(δ3) ∩Ker(δ2)) , whene
Ker(ρG2∗) = νi δ1(Ker(δ3) ∩Ker(δ2)) by injetivity of l3 , as asserted. 
5. Two spetral sequenes
Let Gr denote the ategory of groups. Using simpliial homotopy theory, for every
funtor T : Gr → Gr , one an dene its left derived funtors LqT : Gr → Gr (see
[Keu73℄). If F→ G is a free simpliial resolution of G, then LqT (G) = πq(T (F)) ,
the q -th homotopy group of the simpliial group T (F) .
For G ∈ Gr , as usual, let {γn(G)}n≥1 denote its lower entral series. We then
have funtors
Γn : Gr→ Gr, Ln : Gr→ Gr, n ≥ 1,
given by Γn(G) = G/γn(G), Ln(G) = γn(G)/γn+1(G) , whih extend naturally to
the ategory sGr of simpliial groups. In view of the natural exat sequenes
1→ Ln(G)→ Γn+1(G)→ Γn(G)→ 1, n ≥ 1, G ∈ Gr,
we have a homotopy exat ouple assoiated with the exat sequenes
1→ Ln(F)→ Γn+1(F)→ Γn(F)→ 1, n ≥ 1,
of simpliial groups. We thus have a spetral sequene E(G) := {Erp, q(G)} , with
E1p, q(G) = LqLp(G),
and the dierential dr having degree (r, −1) .
Let Pn : Gr→ Gr and Qn : Gr→ Gr be the funtors dened by
Pn(G) = Z[G]/g
n, Qn(G) = g
n/gn+1, n ≥ 1,
We then have natural exat sequenes
0→ Qn(G)→ Pn+1(G)→ Pn(G)→ 0, n ≥ 1,
The homotopy exat ouple assoiated with the indued exat sequenes
0→ Qn(F)→ Pn+1(F)→ Pn(F)→ 0, n ≥ 1,
yield another spetral sequene E(G) := E
r
p, q(G) with
E
1
p, q(G) = LqQp(G),
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and the dierential d
r
again having bidegree (r, −1) . There exists a natural
homomorphism
κ : E(G)→ E(G)
indued by the anonial injetion κ : G→ Z[G], g 7→ g − 1, g ∈ G. It is known
that
E∞n, 0(G) = γn(G)/γn+1(G), E
∞
n, 0(G) = g
n/gn+1, n ≥ 1.
For more details about these two spetral sequenes, see [Gru80℄.
It is lear (see [Kan58℄) that
E11, q(G) = E
1
1, q(G) = Hq+1(G), q ≥ 0.
The above spetral sequenes dene ertain ltrations in group homology:
Hm+1(G) = E
1
1, m(G) ⊇ E
2
1, m(G) ⊇ E
3
1, m ⊇ . . .
Hm+1(G) = E
1
1, m(G) ⊇ E
2
1, m(G) ⊇ E
3
1,m ⊇ . . .
It may be observed that, for the ase m = 1 , these ltrations are the Dwyer's l-
tration [Dwy75℄ and the dual of the ltration studied by Passi-Stammbah [Pas74℄
respetively, the latter being the same as the ltration (3.13).
The initial terms. Let 1 → R → F → G → 1 be a free presentation of the
group G, and F→ G a free simpliial resolution of G with F0 = F .
We make the following standard notations:
R(0) = R,
R(k + 1) = [R(k), F ], k ≥ 0,
r(0) = (R− 1)Z[F ],
r(k + 1) = fr(k) + r(k)f, k ≥ 0.
Observe that for every k ≥ 1 and x ∈ R(k), one has 1 − x ∈ r(k) . Sine Lie
funtors and universal enveloping funtors preserve oequalizers, diret simpliial
omputations imply that
E1n, 0(G) = γn(F )/R(n− 1)γn+1(F ), n ≥ 1,
E
1
n, 0(G) = f
n/(r(n− 1) + fn+1), n ≥ 1,
and the map κ is a monomorphism on the lower level [Gru80℄:
(5.1) κ1n, 0 : E
1
n, 0(G) →֒ E
1
n,0(G), n ≥ 1.
This implies the following fat whih is due to Sjögren [Sjo79℄:
Theorem 5.1. For all n ≥ 1,
F ∩ (r(n− 1) + fn+1) = R(n− 1)γn+1(F ), n ≥ 1.
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The initial terms of E(G) an be desribed by standard simpliial arguments
using the Künneth formula and the Eilenberg-Zilber equivalene. In partiular,
there exists the following exat sequene
(5.2) 0→ (H1(G)⊗H2(G))
⊕2 → E
1
2, 1(G)→ Tor(H1(G), H1(G))→ 0
and, in general,
(5.3) 0→ Tn(G)→ E
1
n, 1(G)→ Tor1(H1(G), . . . , H1(G)︸ ︷︷ ︸
n terms
)→ 0.
where T1(G) = H2(G) and Tk+1(G) = H1(G) ⊗ Tk(G) ⊕ Tk(G) ⊗ H1(G), k ≥ 1
and for Abelian groups B1, . . . , Bn , the group Tori(B1, . . . , Bn) denotes the i-th
homology group of the omplex P1 ⊗ · · · ⊗ Pn, where Pj is a Z-at resolution of
Bj for j = 1, . . . , n. We learly have
Tor0(B1, . . . , Bn) = B0 ⊗ · · · ⊗ Bn, T ori(B1, . . . , Bn) = 0, i ≥ n.
For a desription of the initial terms of the spetral sequene E(G) , one needs
more ompliated theory of derived funtors of polynomial funtors. In the qua-
drati ase suh a theory was developed by Baues and Pirashvili [Bau00℄; their
theory implies that the terms E12, m (m ≥ 0) an be desribed expliitly. Let X be
a simpliial group whih is free Abelian in eah degree. Then there exists [[Bau00℄,
(4.1)℄ a natural short exat sequene of graded Abelian groups
(5.4) 0→ Sq⊗(π∗(X))→ π∗(∧
2X)→ Sq⋆(π∗(X))[−1]→ 0
where π∗(X) and π∗(∧2X) are the graded homotopy groups of X and ∧2X re-
spetively. The sequene (5.4) gives the following funtorial desription of the term
E12, 1 :
There exists a natural short exat sequene:
(5.5) 0→ H1(G)⊗H2(G)→ E
1
2, 1(G)→ Ω(H1(G))→ 0.
Dimension quotients. Clearly, for every n ≥ 3 and 1 ≤ k ≤ n− 1 one has the
following ommutative diagram
Ekn−k, 1(G)
dk
n−k,1
−−−−→ Ekn, 0(G) −−−→ E
k+1
n, 0 (G) −−−→ 0
κk
n−k, 1
y κkn, 0y κk+1n, 0y
E
k
n−k, 1(G)
d
k
n−k, 1
−−−−→ E
k
n, 0(G) −−−→ E
k+1
n, 0 (G) −−−→ 0.
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whih has the form
(5.6)
E1n−1, 1(G)
d1n−1, 1
−−−−→ E1n, 0(G) −−−→ E
2
n, 0(G) −−−→ 0
κ1n−1, 1
y κ1n, 0y κ2n, 0y
E
1
n−1, 1(G)
d
1
n−1, 1
−−−−→ E
1
n, 0(G) −−−→ E
2
n, 0(G) −−−→ 0
for k = 1 and
(5.7)
En−11, 1 (G)
dn−11, 1
−−−→ En−1n, 0 (G) −−−→ γn(G)/γn+1(G) −−−→ 0
κn−11, 1
y κn−1n, 0 y κnn, 0y
E
n−1
1, 1 (G)
d
n−1
1, 1
−−−→ E
n−1
n, 0 (G) −−−→ g
n/gn+1 −−−→ 0
for k = n− 1 . Diagrams (5.6) and (5.7) together with the snake lemma imply the
following exat sequenes of Abelian groups:
(5.8)
0→ Ker(κ2n,0)→ Coker(Im(d
1
n−1,1)→ Im(d
1
n−1,1))→ Coker(κ
1
n,0)→ Coker(κ
2
n,0)→ 0
and
(5.9)
0→ Ker{Im(dn−11,1 )→ Im(d
n−1
1,1 )} → Ker(κ
n−1
n,0 )→ (γn(G)∩Dn+1(G))/γn+1(G)→
Coker{Im(dn−11,1 )→ Im(d
n−1
1,1 )} → Coker(κ
n−1
n,0 )→ Coker(κ
n
n,0)→ 0
As a result we obtain the following diagram whih we will use later:
(5.10)
Ker(κ2n, 0) //


Ker(κ3n, 0) // . . . // Ker(κ
n−1
n, 0 )

Coker(Im(d1n−1,1)→ Im(d
1
n−1,1))
γn(G)∩Dn+1(G)
γn+1(G)
For an Abelian group A, let L(A) denote the free Lie algebra on A, and let
Ln(A), n ≥ 0, be its n-th homogeneous omponent; we an view Ln as an endo-
funtor on the ategory Ab of Abelian groups. For any endo-funtor F : Ab→ Ab,
let DiF, i ≥ 0, denote the derived funtor LiF (−, 0) in the sense of Dold-Puppe
[Dol61℄. Clearly, the map κ1n−1,1 an be presented in a natural diagram
0 −−−→ Kn−1(G) −−−→ E1n−1, 1(G) −−−→ D1Ln(Gab) −−−→ 0y κ1n−1, 1y y
0 −−−→ Tn−1(G) −−−→ E
1
n−1, 1(G) −−−→ D1 ⊗
n (Gab) −−−→ 0
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for some funtors Kn−1, Tn−1 : Gr→ Gr . We set
1E1n,0(G) = Coker(Kn−1(G)
d1n−1,1
→ E1n,0)(G),
and
1E
1
n,0(G) = Coker(Tn−1(G)
d
1
n−1,1
→ E
1
n,0(G)).
In this notation, we obtain the following natural diagram:
D1Ln−1(Gab)
1d1n−1,1
−−−−→ 1E1n,0(G) −−−→ E
2
n,0(G) −−−→ 0y 1κ1n,0y κ2n,0y
D1 ⊗n−1 (Gab)
1d
1
n−1,1
−−−−→ 1E
1
n,0(G) −−−→ E
2
n,0(G) −−−→ 0
where the maps
1d1n−1,1 and
1d
1
n−1,1 are indued by the maps d
1
n−1,1 and d
1
n−1,1
respetively.
Dene the funtor Sn : Ab→ Ab by setting
Sn(A) = Coker(Ln(A)→ ⊗
n(A)), A ∈ Ab.
Clearly, D1Sn(A) = Coker(D1Ln(A)→ D1⊗
n (A)). In this notation, snake lemma
implies the following analog of the diagram (5.10):
(5.11)
Ker(1κ1n, 0)

Ker(κ2n, 0) //

Ker(κ3n, 0) // . . . // Ker(κ
n−1
n, 0 )

Vn−1(G)
ww
wwooo
oo
oo
oo
oo
oo
oo

kkW W W W W W W W W W W W W W W W W
γn(G)∩Dn+1(G)
γn+1(G)
wwwwooo
oo
oo
oo
oo
Coker(ξn−1)

D1Sn−1(Gab)oooo
xxqqq
qq
qq
qq
qq
q
γn(G)∩Dn+1(G)
γn+1(G).Im(Ker(1κ1n, 0))
Coker(1κ1n,0)
where ξn−1 : Im(
1d1n−1,1)→ Im(
1d
1
n−1,1) and Vn−1(G) is the kernel of the omposi-
tion of the natural maps D1Sn−1(Gab) → Coker(ξ) → Coker(1κ1n, 0) . [The dotted
arrow from A to B in the diagram above, and also later in diagram 8.4, means
that there is a map A → B/C for some subgroup C.℄ Hene, for every group G
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and n ≥ 3 , there is a natural subgroup of D1Sn−1(Gab) , namely Vn−1(G) , whih
maps anonially to the quotient
γn(G)∩Dn+1(G)
γn+1(G).Im(Ker(1κn, 0))
. Denote this map by
vn : Vn−1(G)→
γn(G) ∩Dn+1(G)
γn+1(G).Im(Ker(1κ1n, 0))
Remark. It may be noted that, heuristially speaking, the ontribution of the
funtor D1Sn(Gab) to the struture of the (n+ 1)-st dimension quotient beomes
smaller and smaller as n inreases.
Remark. The map d
1
n−1,1 : Tn−1(G) → E
1
n,0(G) an be desribed expliitly (see,
for example, the desription of d
1
1,1 in the Setion 7) and the exat sequene (5.3)
implies that
Im(Ker(1κ1n, 0)) = Rγn(F ) ∩ (1 + (R ∩ F
′ − 1)(n− 2) + fn+1)/Rγn+1(F )
In partiular, Im(Ker(1κ1n, 0)) = 0 , provided H2(G) = 0 by Theorem 5.1.
We analyse the map vn for the ase n = 3 . Observe that
D1S2(Gab) = Gab
∧
∗ Gab.
We need an identiation theorem whih we present in the next setion.
6. An identifiation theorem
Theorem 6.1. If F is a free group and R a normal subgroup of F , then
F ∩ (1 + f(R ∩ F ′ − 1) + (R ∩ F ′ − 1)f+ r(2) + f4) = [R ∩ F ′, F ]γ4(F ),
where F ′ is the derived subgroup of F .
We need the following
Lemma 6.2. Let F be a free group with a basis {x1, . . . , xm}, u an element of
(F ′ − 1)f, suh that
w − 1 ≡ u+ c.v mod f4,
for some c > 0 and w ∈ γ3(F ), v ∈ f3 . Then
u ≡ c.v1 mod f
4,
where v1 ∈ (F
′ − 1)f.
Proof. We an view f3/f4 as a free Abelian group isomorphi to F⊗3ab with a basis
{xi ⊗ xj ⊗ xk | i, j, k = 1, . . . , m}. Modulo f4, the group (F ′ − 1)f is generated
by elements
([xi, xj ]− 1)(xk − 1), i, j, k = 1, . . . , m.
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Let
u ≡
∑
i, j, k
di, j, k([xi, xj ]− 1)(xk − 1) mod f
4.
For a given triple (i, j, k) , the sum of all oeients in u , whih ontribute to
xi ⊗ xj ⊗ xk (and S3 -permutations) must be divided by c. We have in f3/f4 :
([xi, xj ]− 1)(xk − 1) 7→ xi ⊗ xj ⊗ xk − xj ⊗ xi ⊗ xk,
([xk, xi]− 1)(xj − 1) 7→ xk ⊗ xi ⊗ xj − xi ⊗ xk ⊗ xj ,
([xj , xk]− 1)(xi − 1) 7→ xj ⊗ xk ⊗ xi − xk ⊗ xj ⊗ xi
and no more terms an ontribute to xi⊗xj⊗xk (and permutations). Clearly only
the produt of ommutators of the form [xi, xj , xk] and [xk, xi, xj ] with dierent
powers an ontribute from the element w . We have:
1− [xi, xj , xk]
fi, j, k 7→ fi, j, k(xi ⊗ xj ⊗ xk − xj ⊗ xi ⊗ xk + xk ⊗ xj ⊗ xi − xk ⊗ xi ⊗ xj)
1− [xk, xi, xj ]
fk, i, j 7→ fk, i, j(xk ⊗ xi ⊗ xj − xi ⊗ xk ⊗ xj + xj ⊗ xi ⊗ xk − xj ⊗ xk ⊗ xi)
Now we have
(6.1) di, j, k(xi ⊗ xj ⊗ xk − xj ⊗ xi ⊗ xk)+
dk, i, j(xk ⊗ xi ⊗ xj − xi ⊗ xk ⊗ xj) + dj, k, i(xj ⊗ xk ⊗ xi − xk ⊗ xj ⊗ xi)+
fi, j, k(xi ⊗ xj ⊗ xk − xj ⊗ xi ⊗ xk + xk ⊗ xj ⊗ xi − xk ⊗ xi ⊗ xj)+
fk, i, j(xk ⊗ xi ⊗ xj − xi ⊗ xk ⊗ xj + xj ⊗ xi ⊗ xk − xj ⊗ xk ⊗ xi)
= xi ⊗ xj ⊗ xk(di, j, k + fi, j, k) + xj ⊗ xi ⊗ xk(−di, j, k − fi, j, k + fk, i, j)+
xk ⊗ xi ⊗ xj(dk, i, j − fi, j, k + fk, i, j) + xi ⊗ xk ⊗ xj(−dk, i, j − fk, i, j)+
xj ⊗ xk ⊗ xi(dj, k, i − fk, i, j) + xk ⊗ xj ⊗ xi(−dj, k, i + fi, j, k) =
c.v(xi, xj , xk),
for some element v(xi, xj , xk) from f
3/f4 . Suppose rst that all i, j, k are dier-
ent. Then (6.1) implies that
di, j, k + fi, j, k, −di, j, k − fi, j, k + fk, i, j , dk, i, j − fi, j, k + fk, i, j,
−dk, i, j − fk, i, j , dj, k, i − fk, i, j, −dj, k, i + fi, j, k
must be divided by c. Therefore, all di, j, k, dk, i, j, dj, k, i, fi, j, k, fk, i, j must be divis-
ible by c.
Suppose i = j . Then we redue all the expression to the element di, k, i([xi, xk]−
1)(xi − 1) and a braket 1− [xi, xk, xi]fi, k, i . We then have
−fi, k, ixi⊗xi⊗xk+(2fi, k, i+di, k, i)xi⊗xk⊗xi+(−fi, k, i−di, k, i)xk⊗xi⊗xi = c.v(xi, xk)
and we again onlude that di, k, i and fi, k, i must be divisible by c. 
Next, let w ∈ γ3(F ) and
w − 1 ≡ u mod f4,
31
where
u ∈ (R ∩ F ′ − 1)f+ f(R ∩ F ′ − 1) + r(2).
We laim that
w = w1w2 mod [R ∩ F
′, F ][R, F, F ]γ4(F ),
suh that
w1 − 1 ∈ (R ∩ F
′ − 1)f+ f(R ∩ F ′ − 1) + f4,
w2 − 1 ∈ r(2) + f
4,
that is, we an divide the problem of identiation of the subgroup
F ∩ (1 + (R ∩ F ′ − 1)f+ f(R ∩ F ′ − 1) + r(2) + f4)
into two parts:
(i) identiation of
F ∩ (1 + (R ∩ F ′ − 1)f+ f(R ∩ F ′ − 1) + f4)
and
(ii) identiation of
F ∩ (1 + r(2) + f4)
Let u = u1 + u2, where
u1 ∈ (R ∩ F
′ − 1)f+ f(R ∩ F ′ − 1), u2 ∈ r(2).
Sine we an work modulo [R ∩ F ′, F ], we an assume that
u1 ∈ (R ∩ F
′ − 1)f.
Now, using the argument of Gupta [Gup87, Lemma 1.5(B), p.


72℄, we an easily
onlude that
u2 ≡ em.v2 mod f
4,
where v2 involves the element xm . Hene, by Lemma 6.2, we onlude that u1 =
em.v3, where v3 ontains some nontrivial entries of the element xm . Therefore, we
have
u = em.v mod f
4,
where v is an element from (R ∩ F ′ − 1)f+ f(R ∩ F ′ − 1) + r(2). Sine u is a Lie
element, v is again a Lie element and we onlude that
w ≡ w′em mod [R ∩ F ′, F ][R, F, F ]γ4(F ).
Now we an delete all the brakets from w′ with entries of xm and make an
indution. The indution argument shows the following:
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Let w ∈ γ3(F ), suh that
w − 1 ∈ (R ∩ F ′ − 1)f+ f(R ∩ F ′ − 1) + r(2) + f4,
then
w = w1w2 mod [R ∩ F
′, F ][R, F, F ]γ4(F ),
suh that
w1 − 1 ∈ (R ∩ F
′ − 1)f+ f(R ∩ F ′ − 1) + f4,
w2 − 1 ∈ r(2) + f
4
and Theorem 6.1 follows.
7. The fourth dimension quotient (ont'd.)
Sine D4(G) ⊆ γ3(G), the dimension quotient D4(G)/γ4(G) is exatly the kernel
of the map
(7.1) κ33, 0 : E
3
3, 0(G)→ E
3
3, 0(G).
For n = 3 the sequene (5.9) redues to the following
0→ Ker(Im(d21, 1)→ Im(d
2
1, 1))→ Ker(κ
2
3, 0)→ D4(G)/γ4(G)→ 1
for every group G. The sequene (5.8) has the following form:
0→ Ker(κ23, 0)→ Coker(η)→ Coker(κ
1
3, 0)→ Coker(κ
2
3, 0)→ 0,
where η : Im(d11,1)→ Im(d
1
1,1). From the exat sequenes (5.2) and (5.5), we have
a ommutative diagram
(7.2)
0 −−−→ H1(G)⊗H2(G) −−−→ E12, 1(G) −−−→ Ω(H1(G)) −−−→ 0y κ12, 1y Ty
0 −−−→ (H1(G)⊗H2(G))⊕2 −−−→ E
1
2, 1(G) −−−→ Tor(H1(G), H1(G)) −−−→ 0
where T is as in (2.2).
Every element x ∈ H2(G) = H2(F/R) an be presented in the form x ≡∏k
i=1[f
(i)
1 , f
(i)
2 ] mod γ3(F ), with
∏k
i=1[f
(i)
1 , f
(i)
2 ] ∈ R. Then the map d
1
1, 1 re-
strited to the omponent H2(G)⊗H1(G) is given by
x⊗ g¯ 7→
k∏
i=1
[f
(i)
1 , f
(i)
2 , g].[R,F, F ]γ4(F ), x ∈ H2(G), g¯ ∈ Gab,
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where f¯ is the image of f ∈ F in Gab . On the other hand, it is easy to see that
the map d
1
1,1 restrited to (H2(G)⊗H1(G))
⊕2
is indued by
(x⊗ g¯1, x⊗ g¯2) 7→
k∑
i=1
f¯
(i)
1 ⊗ f¯
(i)
2 ⊗ g¯1+
k∑
i=1
g¯2⊗ f¯
(i)
1 ⊗ f¯
(i)
2 , x ∈ H2(G), g¯1, g¯2 ∈ Gab.
Hene we have the following diagrams:
0 −−−→ H1(G)⊗H2(G) −−−→ E11, 1(G) −−−→ Ω(H1(G)) −−−→ 0y d11, 1y y
0 −−−→ [F,R∩γ2(F )]γ4(F )
[R,F, F ]γ4(F )
−−−→ γ3(F )
[R,F, F ]γ4(F )
−−−→ γ3(F )
[F,R∩γ2(F )]γ4(F )
−−−→ 0y y
E23,0(G)
≃
−−−→ E23,0(G)
0 −−−→ (H1(G)⊗H2(G))⊕2 −−−→ E
1
1, 1(G) −−−→ Tor(H1(G), H1(G)) −−−→ 0y d11, 1y y
0 −−−→ (R∩γ2(F )−1)(1)+r(2)+f
4
r(2)+f4
−−−→ f
3
r(2)+f4
−−−→ f
3
(R∩γ2(F )−1)(1)+r(2)+f4
−−−→ 0y y
E
2
3,0(G)
≃
−−−→ E
2
3,0(G)
and
(7.3)
Ω(Gab)
1d11, 1
−−−→ γ3(F )
[R∩γ2(F ), F ]γ4(F )
−−−→ E23, 0(F ) −−−→ 0
T
y 1κ13, 0y κ23, 0y
Tor(Gab, Gab)
1d
1
1, 1
−−−→ f
3
(R∩F ′−1)(1)+r(2)+f4
−−−→ E
2
3, 0(F ) −−−→ 0
where
1d11, 1 and
1d
1
1, 1 are indued by d
1
1, 1 and d
1
1, 1 respetively; here, and subse-
quently, (R ∩ F ′ − 1)(1) := (R ∩ F ′ − 1)f+ f(R ∩ F ′ − 1) .
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Now Theorem 6.1 implies the following ommutative diagram
(7.4)
Im(1d11,1) // //

η′

γ3(F )
[R∩γ2(F ), F ]γ4(F )
// //

1κ13, 0

E23, 0(F )
κ23,0

Im(1d
1
1,1)
// //

f3
(R∩F ′)(1)+r(2)+f4
// //

E
2
3, 0(F )
Ker(κ23,0) // // Coker(η
′) // Coker(1κ13, 0)
Gab
∧
∗ Gab
OOOO 88ppppppppppp
V2(G)
OOOO
99
99ssssssssss
where η′ is the map indued by T .
Hene for n = 3 the diagram 5.10 has a simple form and we have the following:
Theorem 7.1. There exists the following natural system of monomorphism and
epimorphisms
Ker(κ23, 0) // // D4(G)/γ4(G)
V2(G)
OOOO 88 88qqqqqqqqqqqq
// // Gab
∧
∗ Gab
As an immediate onsequene of the above result, we have various onditions
for the fourth dimension quotient of a group G to be trivial.
Corollary 7.2. If either V2(G), or Gab
∧
∗ Gab is trivial, then D4(G) = γ4(G).
Remark. It may be noted that triviality of the exterior square Gab
∧
∗ Gab , for
nitley generated G, means that all primary parts of Gab are yli.
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8. The fifth dimension quotient
For n = 4 , the diagram (5.11) leads to the following:
(8.1)
Ker(1κ14, 0)

Ker(κ24, 0) //

Ker(κ34, 0)

//
Coker(η)
D1S3(Gab) // // Coker(ξ4)
γ4(G)∩D5(G)
γ5(G)

Coker{Im(d31,1)→ Im(d
3
1,1)}
Where η : Im(d22,1)→ Im(d
2
2,1) .
Let us examine the other derived funtors for their ontribution to the dimension
quotients. We have the following diagram:
Ker(1d11,1) //


Ω(Gab)
1d11,1 //


1E13,0(G)

Ker(1d
1
1,1)
// Tor(Gab, Gab)
1d
1
1,1 // 1E
1
3,0(G)
and natural quotients
H3(G) // Ker(
1d11,1) // //


Ker(1d11,1)


H3(G) // Ker(1d
1
1,1)
// //

Ker(1d
1
1,1)

Ker(1d
1
1,1)/Ker(
1d11,1) Ker(1d
1
1,1)/Ker(
1d11,1)
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Now we have the following ommutative diagram:
Ker(1d11,1)
d22,1 //


E24,0(G)
κ24,0

Ker(1d
1
1,1)
d
2
2,1 // E
2
4,0(G)
Analogous to the diagram (7.3), we have the following ommutative diagram
(8.2)
Ker(1d11, 1)
1d22, 1
−−−→ γ4(F )
([R∩γ2(F ), F ]∩γ4(F ))γ5(F )
−−−→ E34, 0(G) −−−→ 0
T ′′
y 1κ24,0y κ24, 0y
Ker(1d
1
1, 1)
1d
2
2, 1
−−−→ f
4
(R∩F ′−1)(1)∩f4+r(2)∩f4+f5
−−−→ E
3
4, 0(G) −−−→ 0
where the maps
1d22, 1,
1d
2
2, 1,
1κ24,0 and T
′′
are indued by the maps d22, 1, d
2
2, 1, κ
2
4,0
and T respetively. Let
V (F,R) := F ∩ (1 + (R ∩ F ′ − 1)(1) ∩ f4 + r(2) ∩ f4 + f5).
An appliation of the snake lemma implies the following exat sequene:
V (F,R)
([R ∩ γ2(F ), F ] ∩ γ4(F ))γ5(F )
→ Ker(κ34,0)→ Coker(Im(
1d22,1)→ Im(
1d
2
2,1))
with a natural sequene of epimorphisms and monomorphisms:
(8.3)
Ker(1d11,1)/Ker(
1d
1
1,1)
// // Gab
∧
∗ Gab
Ker(1d11,1)/Ker(
1d
1
1,1)
// //
Coker(Im(1d22,1)→ Im(
1d
2
2,1))
We ollet the above diagrams into the following:
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(8.4)
W1(F,R)
[R,F, F ]∩γ4(F )γ5(F )
))
))RR
RR
RR
RR
RR
RR
RR
R
Ker(1κ14, 0)

Ker(κ24, 0)

))RR
RR
RR
RR
RR
RR
RR
R
V3(Gab)
''
''NN
NN
NN
NN
NN
NN
33ffffffffffffffffffff W2(F,R)
[R∩F ′, F ]∩γ4(F ))γ5(F )


D1S3(Gab) // //
))SSS
SS
SS
SS
SS
SS
SS
Coker(ξ4)

Coker(1κ14, 0)
Coker(η1)
D5(G)∩γ4(G)
γ5(G)
oo
Ker(κ34, 0)oo

W3(G) ))
))SS
SS
SS
SS
SS
SS
SS
SS
44j
j
j
j
j
j
j
j
j
j
j
j
j
j
j
j
j
j
j
j
j
j
j
j
j
Ker(1d11, 1)/Ker(
1d
1
1, 1)
// //
))RR
RR
RR
RR
RR
RR
RR

Coker(η2)

Gab
∧
∗ Gab Coker(
1κ24, 0)
f4
(R∩F ′−1)(1)∩f4+r(2)∩f4+f5
55llllllllllllll
γ4(F )
([R∩F ′, F ]∩γ4(F ))γ5(F )
1κ24, 0
66lllllllllllll
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Here
W1(F, R) = [R ∩ F
′, F ] ∩ γ4(F ) ∩ (1 + r(2) ∩ f
4 + f5)γ5(F )
W2(F, R) = F ∩ (1 + (R ∩ F
′ − 1)(1) ∩ f4 + r(2) ∩ f4 + f5)
η1 : Im(d
3
1, 1)→ Im(d
3
1, 1),
η2 : Im(
1d22, 1)→ Im(
1d
2
2, 1)
and W3(G) is the kernel of the omposition of the natural maps
Ker(1d11, 1)/Ker(
1d
1
1, 1)→ Coker(η2)→ Coker(
1κ24, 0).
Suppose now that H2(G) = 0 . Then R ∩ F ′ = [R, F ], hene
(R ∩ F ′ − 1)(1) ⊆ r(2),
W1(F, R) = [F, R, R] ∩ γ4(F )γ5(F )
and
Ker(1κ1n, 0) = 0
for all n ≥ 3 . Also η1 is an isomorphism. Therefore, diagram (8.4) implies the
following diagram with exat horizontal sequene:
V3(G)

Gab
∧
∗ Gab Ker(
1d11, 1)/Ker(
1d
1
1, 1)
oooo

Ker(κ24, 0) // Ker(κ
3
4, 0)

//
Coker(η4)
γ4(G)∩D5(G)
γ5(G)
Thus, in partiular, we obtain the following
Theorem 8.1. Let G be a group with H2(G) = 0, Gab
∧
∗ Gab = 0, D1S3(Gab) = 0.
Then D5(G) = γ5(G).
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